APPLICATIONS OF DERIVATIVES

W), IMPORTANT FORMULAE b

1. Rate of Change : If two quantities x and y vary
with respect to another quantity 0 i.e., if x = fl6) and
y = g(6), then by chain rule : _

dy dyldo _ dx
dx = dude ' gp *0

2. Equation of Tangent : Equation of tangent line

on the point P (x; y,) of curve y = Alx)

dy
X_ylé(aglmh)@_xﬁ
3. Equation of Normal : Equation of normal at point
P(x,, y,) of curve y = flx)

4. A function f=
(@) is increasing in interval [a, b] if in (a, b)

¥y <%y = fl;) < flx,) for all %4, %9 € (a, b)
(b) is decreasi'ng in interval [a, b] if in (a, b) -

%, <xy = fl)) > flxy) for all x,, x, € (a, b)

® Let y = flx) and Ax be small increment in x and Ay be

increment in y correspond of increment of x, i.e. , Ay =
fle + Ax) — fix), then

dy
dy =f(x)dxordy = dr | A%

when dx = Ax is relatively small when compared with
%, dy is a good approximation of Ay and we denote it by
dy = Ay.
® A point c in domain of a function f, at which f(c)=0or
fis not differentiable is called a critical point of f.
® Working Rule :
First Derivative Test :

dy
1. Find é and evaluate real values of x after equating

it to O.
dy
e

2. Write the sign scheime of 4

d
3. The interval in which d—i is positive, y will be

da:
increasing function and the interval in which d_i is

negative, y will be decreasing function. ,
4. If flx) is continuous, then flx), i.e., value of y is
maximum atx = a. If the a function Ax) is increasing
to the left and decreasing to the right of x = a.
Second Derivative Test :
1. To find the maximum and minimum value of a
function flx) write y = flx).

: d
2. Find d_i and find the real value of x equating it to

d v .
3. If é = 0 does not give any real value of x, then the

value of y will neither be maximum nor minimum.

d: !
4, If d_z = 0 gives real values o, B, A, etc. of x, then

2 i) - dA .
find second derivative d—xf of y at these points.

5. Value of y at that point :

d’y
(i) will be maximum if < 0.
[ dx?

d?y
(ii) will be minimum if > 0.
dx?
2 ci3 L
® If % =0 and EZ # 0, then these will be nei!:her

maximum nor minimum at that point such a point is
called the point of inflexion.
m Multiple Choice Questions 70007
1. The normal to a given curve is parallel to x-axis if :

(BSEB, 2010)
dy ay
(a) o =0 (b) ax =1
dx dx

2. The maximum value of (;) is: (BSEB, 2010)

(b)e

(d) none of these

(a)1
1

(c) e;
3. The radius of a circle is increasing at the rate of 0.4
cm/sec. The rate of increase of its circumference is
(BSEB, 2010)
(a) 0.4 cm/sec (b) 0.8% cm/sec
(c) 0.8 cm/se¢ (d) none of these
4. The point on the curve x2 = 2y which is nearest to the
point (0, 5) is :
(a)(2./2, -1) (b)(2./2,0)
(€)(0,0) (d)(2,2)

5. The line y = x + 1 is a tangent to the curve y2 = 4x at
the point :
(a)(1,2) (b)(2,1)
() (1,-2) (d)(-1,2) i

6. The interval in which y = x2 ¢* is increasing with
respect to x is :
(a) (— oo, o)

(c) (2, )

(b) (-2, 0)
(d)(0,2)




7. The least value of a such that the function f given by
fix) = x2 + ax + 1 is strictly increasing in (1, 2) is :
(a)-2 (b) -3 (©0 d1

8. The curves x = y2 and xy = k cut at right angle if 8&* =

1 1 1
(@)1 (b) 2 (c) 4 ()] 8
9. The tangents to the curve y = 7x2 + 11 at the points,
wherex =2 and x =— 2 are :
(a) parallel (b) perpendicular
(c) coincident (d) none of these
10. The local maximum value of the function flx) = 3x* +
4x3 —12x% + 12 1s :
(@)8 (b) 10 (12 - (d)16
Ans. 1. (¢), 2. (c), 3. (b), 4. (a), 5. (a), 6. (d), 7. (a), 8. (a),
9. (a), 10. (o).
s Very Short Answer Type Questions 7777727/
Q. 1. Find the slope of the tangent to the curve
y = x° - 2x + 8 at the point (1, 7). (JAC,2014)
Solution :

y=x3-2x+8
dy
= 9.2
= a0y =3x%—-2
dy
hat AN 2_9 -
at (1, 7), s =3(1)-2=1

Hence, the required slope is 1.

Q. 2. The total expenditure (in %) required for
providing the cheap edition of a book for poor and
deserving students is given by R(x) = 322 + 36x, where
x is the number of sets of books. If the marginal

dR
expenditure is defined as ——, write he marginal

expenditure required for 1200 such sets. What value
is reflected in this question ? [CBSE, 2013 (Comptt.)]
Solution :

R(x) = 3x? + 36x

d—R—G 36
= il X+
For x = 1200,

i 6 (1200 6 236
= ( )+36=17,23

Hence, the marginal expenditure required for 1200
such sets is ¥ 7,236.

Value reflected

Marginal expenditure increases with increase in the
number of sets of books.

Q. 3. The money to be spent for the welfare of
the employees of a firm is proportional to the rate
of change of its total revenue (marginal revenue). If
the total revenue (in rupee) received from the sale
of x units of a product is given by R(x) = 3x2 + 36x + 5,
find the marginal revenue, when x = 5, and write
which value does the question indicate.

: (ATCBSE,2013)
Solution :
Total revenue {R(x)} = 3x% + 36x + 5

d
-. Marginal revenue = T {R(x)} = 6x + 36

at x =5,

Marginal revenue = 6(5) + 36 = 66
Value Indicated

More amount of money is spent for the welfare of the
employees with the increase in marginal revenue.

Q. 4. The amount of pollution content added in
air in a city due to x-diesel vehicles is given by
P(x) = 0.005x3 + 0.02x2 + 30x. Find the marginal
increase in pollution content when 3 diesel vehicles
are added and write which value is indicated in the
above question. . (CBSE, 2013)
Solution :

We have 2
p P(x) = 0.005x3 + 0.02x2 + 30x
= dx {P(x)} =0.015x2 + 0.04x + 30
atx =3,
d (2
— [P@)} =0.015 (3)2 + 0.04(3) + 30
=0.135+0.12 + 30
=30.255
Value indicated

The pollution content in the city increases with the
increase in the number of diesel vehicles.

Q. 5. A stone is dropped into a quiet lake and
the waves move in circles. If the radius of a circular
wave increases at the rate of 5 cm/sec, find the rate
of increase in its area at the instant when its radius
is 8 cm. (JAC,2014)
Solution :

Let the radius of a wave be r cm and the area be A
cm? at time ¢, then

A =nr?
% =5 (Given)
dA dr
0 = 2nr dt
= 2nr (b)
= 107nr
when r =8cm,

dA
i 107 (8) = 80n cm?/ sec

Q. 6. The sides of an equilateral triangle are
increasing at the rate of 2 cm/sec. Find the rate at
which the area increases, when the side is 10 cm.

[AI CBSE, 2014 (Comptt.)]

Sf)lution H
Let a cm be the side of an equilateral triangle, then
da )
I = 2 cm/sec (Given) ...Q1)
Area of equilateral triangle (A)
T4



dA V3 da

= dt =4 2 g
dA J3 :
= o = s a(2) [Using (1)]
da
= dr - 3a
when a =10 ¢cm
dA
s J3 (10) em?/sec?
dA
= 7 = 103 cm?sec?

> Short Answer Type Questions sz

Q. 1. Using differentials, find the approximate
value of (3.968)%2, [CBSE, 2014 (Comptt.)]
Solution :

Let y = x%2

then Y+ 8y =(x+ &)32

Subtracting, we get

ﬁy =(x + 3},)3/2 — 582

d
= . (d—i’jgx = (x + 8x)2 — 32

dy
‘e d = [ == 8
4 (dxj g

is approximately

equal to &y
3 3 -
= Exzx/_ = (x + &0)¥2 — 1372 (D
Letx = 4 and vx =—0.032
then (1) gives

1
%(4)2 (—0.032) =(4-0.032)32 — (4)%2

= —0.096 =(3.968)%2_8
= (3.968)%2 = 8 -0.096
= (8.968)%2 =7.904
Q. 2. Prove that the function f given by flx)
f n b
= log cos x is strictly decreasing on 0'2' ] and
" '
strictly increasing on (2' 0 ] (BSER, 2014)
Solution :
flx) = log cos x
_sinx
= fx) = cos g = tanx
T
on (0,5), tanx >0
= —tanx <0
= f(x) <0

T
. flz) is strictly decreasing in 0’5) :

(=

in (2.-75) tanx <0
= —tanx >0
= (x>0

T
- flx) is strictly increasing in En]

Q. 3. Prove that the function fix) = cos x is :
(a) strictly decreasing in (0, 1)

(b) strictly increasing in (n, 2n). (USEB,2013)

Solution :

(&) flx) = cos x
= [x) =—sinx
In (0, w), sinx >0
= —sinx <0

.= [ <0
.. fl) in strictly decreasing in (0, w).
() flx) = cos x,
= fx) =—sinx
In (w, 2m), sinx <0
= —sinx >0

. flx) in strictly decreasing in (7, 2rx).

Q. 4. Find the intervals in which the function
given by flx) =x%2-4x + 6 is:

(a) strictly increasing

(b) strictly decreasing. (USEB, 2014)

Solution :

fo) =x?>—4x + 6

= [x) =2x—-4

(a) If flx) is strictly increasing, then
fx) >0

= 2¢—4 >0

= 2x~2) >0

= x—2>0

= x >2

.. flx) is strictly increasing in (2, o)
(b) If Ax) in strictly decreasing, then
fx) <0
= x <2
- flx) is strictly decreasing in (- «, 2)
Q. 5. Find the intervals in which the function

: 3 4 36
; = = a4 Z,.3_ hrid st
given by flx) = 10x 5x3 3% + 5 x+1lis:

(a) strictly increasing
(b) strictly decreasing. |[AI CBSE, 2014 (Comptt.)]
Solution :

fix) = %x4—§x3—3xz+%x+ll
3 4 36
= Flx) = E(4x3)_5(3x2)_3(2x)+F
= flx) = §x3—%x2—6x+1—6
= flx) = g(x3—2x2—5x+6)

= flx) = g(x—l)(x—S)(x+2)

S fw) = A= D-
fx)=0

6
5 x+2)x-1)x~-3)=0



B | = _ = e ————
= x+2)(x-1Dx-3)=0 4
= x=-2,1,3 = x-2) (x—§j>0
. The critical values of x in the ascending order are 4
x=-2,1,3 ) , = x<§0rx>2
x<- 6
= fx) = 5 GG =—ve . . 4
= flx) is strictly decreasing in (= o0, — 2). * flx) is increasing on | ~*% o | and (2, «).
—2<x<1 6 - b) If flx) is d ing, th
= fx) = 5 +) (=) ) =+ve ( )' foris eC;‘z;;Lng o
= fx) is strictly increasing in (— 2, 1)..
1<x<3 = (x_z) x_é <0.
= ) =(+) (+) () =—ve 3
= flx) is strictly decreasing in (1, 3). )
F<x<oo 6 = g <x< 2
= ) == () (+) (+) = +ve 4
I—TI?' ﬂx);(s it.rictly increasing n (3, ). . . flx) is decreasing on 3 2,
(a()néci:;iictﬁylisn.creasing in(=2,1) U (3, ) . Q.8.Find the values of x for which y = [x (x - 2)]2
(b) Strictly decreasing in (- e, —2) U (1, 3) lssoill::tfgﬁl'}*as- ng function. - (AICBSE, 2014)
Q. 6. Find the intervals in which the function el =[x (& - )2
fix) = 324 - dx® - 124 + 5 is : . P
(a) Strictly increasing N y =xt —4x3 + a2
(b) Strictly decreasing. (CBSE, 2014) '
Solution : d
olution o) = Bh— 4?1227 +5 = —C% = 423 —12x2 + 8x
= fx) =12x% - 12¢% 24x dy |
' fx) =0 = - =4x(x®-3x+2)
= 123 - 12¢2 - 24x =0 dx
= 12¢ (6% —x—2) =0 ' dy
= V12 (x-2)(x+1) =0 = o =4x(x~-1)(x-2)
= xx-2)x+1) =0
= +DDxx-2) =0 ﬂ -0
= x =-1,0,2 dx
. The critical values .of x in ascending order are = 4x(x-1)(x-2)=0
x=-1,0,2 = x(x-1).x-2)=0
x<-1 = x=0,1,2 ‘
= : 2 (x)).= t1;2 (t—l) (a) (=)=-ve ( & .. The critical values of x in ascending order are
= : flx) is strictly decreasing in (— oo, — 1), 0,1,2. ’
-1<x<0 x<0
= f(x))_= %2 (;1) (D) (+H)=+ve . B
-1,-0). YA
=>0 S flx) is strictly increasing in - 2 - =Ko
= fx) =12(+H) (D (+H)=-ve N o
- fx) is strictly decreasing in (0, 2). =y is strictly decreasing in (- e, 0).
2<x < O<x<1
= fx) =12 (+) (+) (+) =+ ve dy i
I=_I> flx) is strictly increasing in (2, — ) = Jx = 4+ =) =+ve
ence
(a) flx) is strictly increasing in (-1, 0) U (2, o) = y 1s strictly increasing in (0, 1).
(b) Ax) is strictly decreasing in 1<x<?2
] (-e2,-Du(0,2) &
e 3)27:\:: Z‘lﬁdist!xe intervals in which filx) = (x - 1) = - = 4(+)(4) (@) = —ve
5 ; :
(a) increasing = y is strictly decreasing in (1, 2).
(b) decreasing. . (JAC, 2014) x>9
Solution : ) 4
foy=(x-1)(x-2) L4
= F)=x-22+2x-1)(x-2) = dx =4 (B () =+ve
= fe)=(x-2)(x-2+2x-2) = y is strictly increasing in (2, ).
= fl)=(x-2)(Bx—4) Hence, y is increasing on (0, 1) and (2, ).

(a) If flx) is increasing, then Q. 9. Find the maximum and minimum values

fx)>0 of the function fix) = 223 - 1552 + 36x + 11.
= xXx-2)3x-4)>0 | (JAC, 2013)



— - e
Solution : - Differentiating w.r.t. x, we get
fx) = 2«8 — 15x2 + 36x + 11 2x 2y dy
= fx) = 6x% - 30x + 36 2 bax =0
For maxima or minima, dy bix
f(X) =0 = . = 3
= 6x2-30x+36 =0 , dx — a’y
= 6x%2-5x+6)=0 (2 a,b) dy _bz@_ @
= 2 -5x+6 =0 g @ 0h dc« = a* ~ a
= (@-2)x-3)=0 -. Equation of the tangent at the point (/2 a, b) is
= x=2,3 b2
... Critical points are x = 2 and x = 3. y—b=—"(x-+2a)
(%) =12x-30 g
Atx=2, ) =12(2)-30=-6<0 = ay—ab =b/2 x - 2ab
.~ x = 2 is a point of maxima. = bJ2 x—ay—ab =0
Maximum value =f(2) ] oy | .
=2(2)°-15 + + ' i s
—16-60+72 + 11 Slopeofnormalat(\/ia,b)— . =5

=39
fx) =12(3)-30
=6>0
. x = 3 is a point of minima.
Minimum value =f(3)
=2(3)2-15(3)2 + 36(3) + 11
=54-135+108 + 11 =38
Q. 10. Find the equation of the tangent and

normal to the curve + y%3 = 2 at the point (1, 1).
: (USEB, 2014)

Atx =3,

Solution :
The equation of the curve is
x23 4 y¥3 — 9
Differentiating w.r.t. x, we get

2 2 2 —dy
—x3+—y 3= -
3° "3 =0 1
dy x 3 y3
= de ~ - 1571
y3 x3
at the point (1, 1),
1
dy 13
a =-———} =—1
13

-~ Slope of the tangent at (1,1) =-1
.. Equation of the tangent at the point (1, 1) is
y—-1=-1x-1)

= y—1l=—-x+1
= y+x =2 i
Slope of the normal at (1, 1) =— —< =1

-1
(vmmy=-1)
. Equation of the normal at the point (1, 1) is
y—-1=1(x-1)
= y=x '
Q. 11. Find the equaztion of the tangent
2

and normal to the curve %— = 1 at the point

b
(V2 a,b) (AI CBSE, 2014)
Solution :
The equation of the curve is
xZ yZ
& o 1

b2
a
+. Equation of normal at the point (/2 a, b) is

a
y—b=-37 x—-2a)
= b2y -b2y2 =—ax + V2 a?
= ax+b2y-2@®+b9)=0

Q. 12. Find the equations of the tangent and
normal to the curve x = a sin®0 and y = a cos30 at

0= g. (CBSE, 2014)
Solution :
x =asin%0
= 40 = 3a sin™“0 cos 0
and ¥y =acos® O
= % =—3a cos® @ sin O
dy _ dyldo
dx = dx/d®
-3acos® 6sin 6
~ 3asin®0cos
=~cot0
N dy s
at6=Z, a =_COtZ=_1
Slope of tangent at 6 = Z‘ =-1

-2“
X =a sin®
4

(l ¥ a
“YlVZ) T 22
Point of . L
. Point of contact is 272 943 |
. T
Equation of tangent at 0 = — is
o -
N R N

a
= yrx =5



T ——

i
|4 -1
Slope of normal at 0= Z==Tp = =1
T
~. Equation of normal at 6 = 1 is

a a
V-2 TV oG
= y—x=0
Q. 13. Find the equations of the tangent and
normal to the curve x = sin 8¢, y = cos 2¢ at the point

tm (JAC, 2014)
Solution :
We have
x =sin 3t
y = cos 2t
T . 8m 4.1
att—4, x—smT_ 5
1= E
y =cos 5 =
1 0
-, The point of contact is 2 I
oz =3 cos 3t
dt
and i =—2sin 2¢
dt
& _dyldt _ —2sin 2t
dx  dx/dt  3cos3t
- o —2sin—
att = —, —-— =
4 dx 3c053—7c
20 22
N
V2
1 22
o T,O =
.. Slope of tangent at 72 J 3
. 1
. Equation of tangent at (E,OJ is
22 1
-0 = —= |x——="
o2 (3]
_22 2
= y="3 %-3
= 3y =242 x—2
1 .
Slope of normal at :ﬁ “} is
1 3

1
.. Equation of normal at (ﬁ’o} is

ol

242" V2
3

= y=- 2«/_x+_

= 4y_—3x/—2_x+3

2 2
Q. 14. Find the points on the curve xT + ;5 1

at which the tangents are parallel to x-axis.
(BSER, 2014)

Solution :
x2 y2
_—t =
T 1 (D
Differentiating w.r.t. x, we get
2, 2y dy
4 25 dx
& %
P ) dc = 4 ¥
If the tangent line is parallel to x-axis, then
dy
O
2 -0
= -3 *=0
= x =0
Putting x = 0 in (1), we get
y2
25 e
= =5

Hence at the points (0, £ 5), the tangent lines are
parallel to x-axis.
Q. 15. Find the equation of the tangent line to
the curve y = 2 - 2x + 7 which is
(i) parallel to the line2x -y +9=0
(ii) perpendicular to the line 5y - 15x = 13.
[CBSE, 2014 (Compitt.)

Solution :
(i) The equation of the curve is
y=x2-2c+7 (D)
dy
= T = 2% —2 ..(2)
Equation of line is
25—y +9 =0 ...(3)
= y=2x-9
. Slope of (8) is 2.
- Slope of the tangent line = 2
dy
= = 2
= 20-2 =2
= 2 =4
= % 1=k
From (1), -22 22)+7=1

Hence the points of contact is (2, 7).
~.Equation of the tangent line is
y—T=2(x-2)
= y=2c+3



(ii) The given line is

5y — 1bx =13 ...(4)
= 5y =16x + 13
13
= y =3x+ 5

.. Slope of line 5y ~ 15 x = 13 is 3.
-+ The tangent line is perpendicular to the line (4),

dy
Tx 3)=-1
dy 1
¥ dx ~ 73
1
= 26 -2 =— 3
= 6x—r6 =-1
= 6x =5
5
= x=7g
5Y (5
From (1), y = [EJ _2(€)+7
_ BBy
36 3
© 25-60+252 217
= 36 = 36
Hence the point of contact is
5 217
6’ 36

.. Equation of the tangent line is

211 o 1. 5
- =5[]

= 36y —217 =—12x + 10

= 12x + 36y =227

Q. 16. Find the equations of the normals to the
curve 2x2 - y2 = 14 which are parallel to the line

x+3y=86. (BSER, 2013)
Solution :
The given line is
x+3y =6
= 3y =—x+6
= y =- -§+ 2

1
Slope of line = — 3

The given curve is

22 -y?2 =14
Differentiating w.r.t. x, we get
w2y 2 -0
Y ax T p
&y
= 2 =y dx
&y 2
= dx ~ y

Let the normal at (k, &) be parallel to the given line,
then

2h

dy
slope of tangent at (4, k) = 7, o T

1 -k
2_&]'_231.

.. Slope of normal at (A, &) = ——[-
k

According to the question,
13 1
T2h T3
= - 2h =3k
Agam (h, k) lies on the curve 22 -y2=14
¥ 2h2 k2 =
(- 2h =38k

4
[\]
&
[\
|
1}
’—l
'S

2h
9 =>k——3—)

Lss
<
|
©

k=x2
.. The points are (3, 2) and (- 3, - 2).
Normal at (3, 2)

Slope of normal =—

. Equation of normal is

1

3 (x-3)
= y-6=-x+3

= x+3y =9

Normal at (- 3, - 2)

k —(-2)
2(—3)

y-2=-

1
Slope of normal = -3

~.Equation of normal is

1
y+2 =—§(x+3)

= . 3y+6 =—x-3
= x+3y+9=0
Q. 17. Find the equations of tangents to the curve

. 4
3x2 - y2 = 8, which passes through the point g“;o).

3 )
(AICBSE, 2013)
Solution :
The equation of the curve is
3x2—y2 =8 1)
Differentiating w.r.t. x, we get
6x — 2y % =0
dy 3x
= o =
Let the point of contact be (A, &), then
a8
dxlyom ~ k

. Equation of the tangent at (h, &) is




3h
y-—k="" (x—h) |
4
- It passes through the point (5,0)
3h (4
se2 ()
= — k% =4h - 3h?
= 3h2—k?-4h =0 ...(2)
(h k) lies on equation (1)
3h%2—k? = ..(3)
From (2) and (3), we get .
4h =8 ‘
= h-=2
.. From (3),
3(2)2-k2 =8
= k2 =
= k=x2

Hence the points of contact are (2, 2) and (2, — 2).
Equation of tangent at (2, 2) is

3(2)
y- (2)——(x 2)
= y—2 = 3x 6
= y =3x—4
Equation of tangent at (2, — 2) is
3(2)
y- (—2)——(x -2)
= y+2-—3(x 2)
= : y+2=-3x+6
= y=—-3x+4

Q. 18. Find the equation of normal at a point on
the curve x? = 4y, which passes through the point (1,
2). Also, find the equation of the corresponding
tangent. (CBSE, 2013)
Solution :

The equation of the curve is

= 4y
Differentiating w.r.t. x, we get

=1 ml =

Let the point of contact be (k, &), then
dy

| &

dtlyom ~ 2
h
Slope of the tangent at (h, k) = 5

=

Slope of the tangent at (h, k) = —

SN0 oS

. Equation of normal at (h, k) is

2
y—k=-73 &-h
-+ It passes through the point (1, 2)

2-k z].h

2
= k=2+z (1-h) (D

“+ (h, k) lies on the curve x2 =4y

B2 =
Solvmg equations (1) and (2), we get

—4|2+=1-Ah
h2_4I:+h( ):'

2h+2-2h
h? =4 —

..(2)

=

h
= h3 =8
= h=2
2
.. from (1), =2+ 3 (1-2)=

.. The point of contact is (2, 1).
.. Equation of normal is

2
y—1=—§(x—2)
= y—-1l=-x+2
= x+y =3
Also, equation of the corresponding tangent is
h
y—Fk a0 (x—h)
2
= -1 =5 (x —2)
= -1=x-2
= y=x-1

Q. 19. Prove that the curves x = y? and xy = k cut
at right angles if 8k2 =1,

Solution :

The given curves are

x =y2 (D
and xy =k .2
Solving (1) and (2), we get

y2 =k
= y = p113
k2/3

The point of 1ntersect10n is (R%3, R1/3),
Dlﬂ'erentlatlng (1) w.rt. x., we get

dy
L= dx
dy 1
= dx 2y

1
.. Slope of tangent at (%3, g1/3) = SRs =My (say)

Differentiating (2) w.r.t. x., we get

X o +y =0
d
= —y = - Z
dx x
.+ Slope of tangent at (%3, k1/3)
kl/a

—E8 =T s =m, (say)
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The curves (1) and (2) will cut at right angles if

mym, =-1
1 1
= || P ) =1
1
= 1l =
2R3
= 2k%3 =1
= 8k2 =1 (cubing both sides)

Q. 20. Prove that all normals to the curve x = a
cost +atsint,y=asint-at cos f are at a constant
distance ‘@’ from the origin. [CBSE, 2013 (Comptt.)]
Solution : :

x=qacost+atsint

dx :
= E=—asint+,asint+atcost=atcost
and y=asint—at cost
dy : :
= E=acost—acost+atsmt=ats1nt
dy dyldt
dx ~ dx/dt
. otsint ;
= atcost - ant
Slope of the tangent = tan ¢
1
Slope of the normal = — i cot t
. Equation of the normal is
y—(asint—-atcost) = —cot t {x — (a cos t +
at sin t)}

= ysint—asin?t +at sin ¢ cot ¢
=—xcost+acos’t+atsint cost

= xcost+ysint=a ..

Length of the perpendicular from equation (1)

‘0cost+0sint—a|

B I Jeos® ¢ +sin®t |
= a = constant
m Long Answer Type Questions /20000000000
Q. 1. AB is a diameter of a circle and C is any
point on the circle. Show that the area of A ABC is
maximum, when it is isosceles.
[AI CBSE, 2014 (Comptt.)]
Solution :
Let the radius of the circle be r, then AB = 2r.

*+ C lies on the circle C

i ZACB =90° T
Let ZCAB=6

then AC=2rcos9

and BC=2rsin® {0

Let S be the area of AABC, A 7 5+ |B
then

S=-.ACBC -

—

(2r cos 8) (2r sin 9)

2r? sin 0 cos
=72 gin 26

1
2
1
2

S is maximum when 72 sin 20 is maximum.
= sin 20 is maximum

= sin 20 = 1 = sin 90°
= 20 = 90°
= 0 =45°

1
AC = 2r cos 45° = 2r. ﬁ =or

1
and BC=2rsin45°=2r.ﬁ=\/§r

AC=BC

- AABC is isosceles.

-~ Area of A ABC is maximum, when it is isosceles.

Q. 2. A wire of length 28 em is to be cut into two
pieces. One of the piece is to be made into a square
and other into a circle. What should be the length of
the two pieces so that the combined area of the
square and the circle is minimum ? (BSER, 2013)
Solution :

x cm C=+— (28 — x) cml ~»
A —_—  oR S B

Let AB be a wire of length 28 cm. Let the wire AB e
cut into two pieces at point C.

Let AC=xcm
then BC=(28 ~x) cm
Let the piece AC be made into a square of side a.
then da=x
T x
= a= 4
2 2
. Area of the square = a2 = (fj =X em?
4 16
Let the piece BC be made into a circle of radius r,
then 2nr =28 —«x
28 -x
= r= 5o
S 28-x Y
Area of the circle=nr? =1t ( o ] cm?
(28-%7°
= g m

Let A be the combined area of the square and the
circle, then

x% (28 —x)*
= —+—
A 16 4
For A to be maximum or minimum,
A
dx ~
2x 2(28-x)
=+ (1) =
> T6t am V=0
x 28 —x
= 8 on
x_ W =%
. 8 © 2n°
1,1) 1
= *lg on )™ n
(x+4) 14
= x =5
8n T
112
= xX= "

Tmtd



T B —
dZA 1 1
- - =+—00
Also, dx?® 8 Zn( )
g b 112
¥ 1S minimum when x = TC+4
Hence the wire should be cut at C such that
112
AC = cm.
n+4

Q. 3. Find the equation of the normal to curve
y =23 + 2x + 6 which are parallel to the linex + 14y + 4=0.
[CBSE, Delhi, 2010, 13 (Comptt.)]
Solution : ,
Equation of given curveis:y =x%+ 2x + 6 .3
Differentiating w.r.t. x, we get
B 34712
dx
. Slope of tangent = 3x® + 2
L
3x® +2
Equation of given line "~ + 14y + 4 =0 ...(i1)
Ditfercntiate w.r.i. ¢, . ¢ get
dy
dx
dy 1

= ' dx =~ 14

= Slope of normal = —

1+14 =0

Slope of line (ii) = - 14

Now given that the normal is parallel to the line (ii).
.. Slope of normal = Slope of line (ii)

1 1
1 — T g L == 2 ]
i.e., 3219 14 and 3x*+2 =14
= 3x2 =12
= ' x==%2

when x = 2, y =28 +2(2)+6=18
andwhenx=-2, y=(-2P3+2(-2)+6=-6
Equation of normal at P(2, 18) :

1
y—18 == 14 (x—2)

[ Slope of normal = —i}

14

= 14y —-252 = —x + 2
= x+ 14y -254 =0
Equation of normal at Q (- 2,-6):

1

Yy+6=— 14(x+2)

= 14y +84 +x+2 =0
= x+ 14y + 86 =0

Q. 4. Show that the height of the cylinder of
greatest volume which can be inscribed in a sphere

of radius R is ﬁ . Also find the maximum volume.
(USEB, AI CBSE, 2014)

ey
D ——N§)

R
9] h
R
A B
«—7r—
. -— )
Solution :
Let r and h be the radius and height respectively of
the inscribed cylinder.
- In right triangle ABC,
AC? = AB?+B(C? i
= (2RY = (2r)? + h®
= h 4R? = 472 + B2 LD
Let V be the volume of the cylinder, then :
/ V = ~1[r2 h
2 12
= V=n (%) h  [Using(1)]
3
= V = nR% - -"Z—-
For maximum or minimum values of V,
v
dh ~
2
= nR? - SEL 0
4%
3h?
RZ= —
= 4
4
2 _ Zpo
= h* = 3 R
oL aie
= = \/ﬁ R
d’V.  émh  3mh
s T T T2
d?,
T 3n 2
dh s 2 R 9 \/§R
=-./37R(<0)

2
o, Vis maximum when A = ﬁR

Maximum volume = nr2h

4R2—h2)

'“( 4 8

e 2 4 2)2
=~ |4R?2-ZR?| =
4( 3 Nk
_m B8RP 2

"4 3 3

4nR®




Q. 5. Find the area of the greatest rectangle that
e 2

can be inscribed in an ellipse ? + %2- =%
(AI CBSE, 2013)
Solution :
YA

(—a cos 6, b sin 6) A (a cos 0, b sin 0)

D A

C B

(—acos 0, ~bsin 0) (a cos 9,—-bsin )

Yy

Let A (a cos 6, b sin 0) be a corner of the inscribed
rectangle ABCD, then

B — (a cos 9,—b sin 0)

C—>(-acos 9, —bsin 6)

D — (—a cos 0 b sin 0)

AD = 2acos 0
and AB = 2bsin 6
.. Area of rectangle ABCD
= AD x AB
- = (2a cos 9) (2b sin 0)
= 2ab sin 20

~. Area of rectangle ABCD is the greatest when
2ab sin 20 is greatest
= sin 20 is greatest

= sin 20 = 1 = sin 90°
= 20 = 90°
= 0 = 45°
-. Area of the greatest rectangle
= 2ab

Q. 6. Show that the altitude of the right circular
cone of maximum volume that can be inscribed in a

sphere of radius r is —-. Also show that the

3

maximum volume of the cone is of the volume of

27
the sphere,
(CBSE, 2013; AI CBSE, 2014; (Comptt.)]

Solution :

A

Let radius of the base and height of the inscribed cone
be R and 4 respectively.

then OD=h-r
In right triangle ODC,
r2=R2+ (h-r)?
= r2=R%2+h:+r:—2hr
= R? = 2hr - h® (D)
Let V be the volume of the cone, then
1
V= 3 nR%h
1 2
= gn(2hr—h Yh - [From (1)]
1 2 3
= =1 (2h%r - h°)
3
A T
= dn ~ 3"t
For maxima or minima ¢
LA
dh ~
1 . ,
= gn(4hr—3h )=
= 4hr —3h% = )
= 4hr—3h =0 (- h#0)
= Ji =
d2v i
Also, i
- dh? 3
4V d*V i
at h = 3 W= gn(4r—8r)
4nr
sveimd o (f
) <
4r
s Vismaximumath = .
.  — 1 , ,
Maximum value = 3 tRh = 3 rt (2h% — h%)
1], 16 64 r"‘}
=3™1“ e o
_ 1 [32% 64%)  32m°
3 LY 27 ) 81
8 (4 3) 8
= — | —Tfr E B
27\3 27
(Volume of sphere)
Q. 7. If the sum of the
lengths of the hypotenuse and A
a side of a right triangle is
given, show that the area of
the triangle is maximum y
when the angle between them
is 60°, (AICBSE, 2014)
Solution:Let ABCbearight |
triangle right angled at B. gLl c
Let hypotenuse AC =y and a h

side BC = x,

then y+x=k

(given)...(1)




Let A be the area of AABC, then

A=—;‘BCXAB

1 R S
=P VY - &

1 ———— ,
= é'x \‘f'lt h—x)? = %2 [From (1)]

1 i
E Ex VET = 2kx

4
= A2 = % (k2 — 2kx)

= 4A? = B%? — 2k
= 7 = k%2 - 2kx®
. If Ais maximum or minimum, then Z is maximum or
‘minimum.
For maxima or minima of Z,

g - 0
dx T )
= 2%k% —6kx® = 0
= 2k (kxr—38x%) = 0
= Qkx (k—3x)=0
= x(k-8x)=0
' k
= X = 0,. 3
x = 0 is inadmissible.
k
x=73
2
fl—f = 2k% — 2kx
dx’
A E
tx= 37
de 5 k
@ = 2kR“ - 12k 3
- =22 (<0)
. . k
» Z is maximum at x = 3
" E k
= 4A%is maximum atx = 3
k
= A? is maximum at x = 3
' k
= A is maximum at x = 3
|
-k
y=]e—x=k—§ [From (1)]
%
-3
Now, from right triangle ABC,
x k3
COS C = y = 2k/3
1
= 5 = cos 60°
= C = 60°

Q. 8. Prove that the semi-vertical angle of the
right circular cone of given volume and least curved
surface is cot™! /2. -~ (CBSE, 2014)

Solution :- ]
Let r be the base radius, & .

be the vertical height, [ be the !

slant height and 8 be the semi-

vertical angle of the cone. Let 1
V be the volume and A be the I
curved surface area of th
cone, then ' . —
] B )
— _,__,a—/
1
V= 3 nreh L.
A =nrl
= A=nmr ,/rz +h? ..(2)
v .
From (1), h = ;5- where V is given.
: ' ..(3)
Using (8), (2) gives,
- ;
A = Tr /r + 3\{
\ nr
9V?2
2
= A=mr \lr +n2r4'
| s gvz
= A2u= 1'52]'? \!r + n2r4
3 gy 9V
= A® = t7r 9
r
2
= 7 = %" + 5 ,where Z = A

!
.. Ais least, then A? is least, i.e., Z is least.’
For maxima or minima of Z, :

4z
T gm
X 2
=> 41'527‘?% 1&;7 = 0
: r
2 g 18 (L ¢y o Ef
= 4ri- §1|:r h| =0
. 181 '
= 4’ - 5 = nr*h? =0
L re 9 g
= 4n?r® — 2n%h%r = 0
= on?r (2r2—h?) =0
= ;;(2r2—h2) =0 B2
= r= 0, 7‘2 = —
r = 0 is inadmissible, ; 2
ol = '?-"_"_
2
d?Z . 54V
also, el 12 n2r2‘+ =
1% d*z h?  B4V?
atr2=%, d7=121l52—2‘+ T @
216V

= 6 ?h? + - 0



Z is least when r?

= A?1is least when r?

= Aisleast when 2

hZ

i
h2
2
hZ
2
h2
2

Now, r? =
B2
= r—z =2
= ) % = .2
= cot® = /2
= 0 = cot™! (\/5)

Q. 9. Prove that the radius of the right circular
cylinder of greatest curved surface area which can

be inscribed in a given cone is half that of the cone.
[CBSE, 2013 (Comptt.)]

Solution :
A
A
F
D I
h I
H
el

X >
+——
Let the base radius and height of the cone be r and &

respectively. Let the base radius and height of the inscribed
cylinder be x and H respectively.

AAFE ~ AAGC
AF _ FE
AG ~ GC
h-H
= A r
h
= h-H = el
r
h
= H=hH- x
n
- H < h(r—-x)
r
Let S be the curved surface area of the inscribed
cylinder,
then S = 2mxcH
b —
= S = 2nx (rr i)
2nh
= S = % (rx - x?)
For maxima or minima of S,
B _y
dx

2nth ¥
T r-20 =0
= r—-2¢x=0
S
= X = 9
d%s 4rh
then, w =——r— (<0)

. . . r
~. S i1s maximum when x = 9

. Radius of the inscribed cylinder

1
=3 Radius of the cone.

Q. 10. If the length of three sides of a trapezium
other than base is 10 cm each, then find the area of
the trapezium when it is maximum.

[AI CBSE, 2014 (Comptt.)]
Solution :
D 10 cm

(
I
!
1
[
i

A

<«—x cm—>[

Let ABCD be a trapezium in which
AD=DC=CB=10cm

Draw DE 1 AB and CF L AB
Let AE = x ecm
then FB = x cm
In right triangle CFB,

CF? + FB? = CB? (By pythagoras theorem)
= CF? + x2 = 102
= CF = 100 - &2
- DE = CF = /100 - 2* cm
.. Area of the trapezium (S)

1 ‘
= 5 (10 +(10 +22)} {100 - x?

= S =(10+x) /100 - x?
_ S? = (10 +x)? (100 — x%) (squaring)
= Z = (10 +x)? (100 —x%), whereZ =52

S is maximum.

= S? is maximum.

= 7 is maximum.

For maxima or minima of Z,

dZ

dx =
= (10 + %)% (- 2¢) + 2 (10 + x) (100 —x2) = 0
= (10 +x)% (- 26) + 2 (10 +x) (10 + ) (10 —x) = 0
= 210 +x2{-x+10-x} =0
= 2(10+x)2(10-2x) =0
= (10+x)2(10-2x) = 0
= 10+x=00r10-2x =0
= x =-10orx =5
= x =-10,5
+ x = —10is inadmissible,

x=5



a2
Also, —% = 2.2.(10 +%):(10 - 2) + 2 (10 +x)* (- 2)

dx
=4(10+x) (10-2¢x—10-x)
= 4(10 +x) (- 3%)
= —12¢ (10 +2)
2
Atx=5, Zx—f =—12(5)(10+5)
= —900 (< 0)

~ Z is maximum when x = 5
Z_ . =(10+5)7(100-5

= (15)2(75) cm?
= % ioum = (16)%(75) cm?
= S, imum = 15475 €m®
- Smaximum N 75\/73'_'cm2

Q. 11. The sum of the perimeters of the circle
and a square is k, where k is some constant. Prove
that the sum of their area is the least when the side
of the square is double the radius of the circle.

[CBSE, 2014 (Compitt.)]
Solution :
Let r be the radius of the circle and x be the side of the

square, then .
4x + 2nr = k ..

Let S be the sum of the area of the circle and the
square, then

S = + x?
2
= S=m?+ (k ‘42”) [Using ()]
For maxima or minima of S,
as _
dr =

2
= 27r+ 6 (k—2mr) (-2m)=0

. n (k- 2nr)
= nr— ———— =0
4
2
= 2nr——nﬁ—+—n—£=0
4 2
[2n+ﬁ)—@
i 4 2)7 4
T Tk
2+ —|= —
= ”‘( 2) 4
T k
2+ —|= —
- r(2+5)- 2
(4+n) k
= r\Tg J=1
k
s T=9W4+m
d?s 4r
Also, 2 = 2% 16 (- 2m)
2
=ot+ =50

k
= S is minimum when r = 2 (' 4 +_n)
.. From (1),
k- 27r
=y
2r (4 + &) - 2nr
4

= 2r

. S is least when the side of the square is double the
radius of the circle.

Q. 12. A ballon which always remains spherical
is being inflated by pumping in 900 cubic centimetre
of gas per second. Find the rate at which the radius
of the ballon is increasing when the radius is 15 cm.

. (JAC, 2015)
Solution : Let the radius of sphere is r, then

Volume V = %.nr3

differentiate w.r.to ¢
fuFcn 2 n x 3r2 dr

dt 3 dt
= % = 900 cm?® gas per sec and r = 15 cm)

= 900=éx§ x3x(15)2.g£
3 7 dt

dr _ 900x7x3
dt  4x22x3x(15)%
6300

19800
= 0.32 cm/sec
Q. 13. The radius of a circle is changing
uniformly at the rate of 3 cm/sec. Find the rate of
change of its area when its radius is 10 cm.
(USEB, 2015)
Solution : Let the radius of circle is r and r = 10 cm
then change in radius '

ﬂ = 3 cm/sec.
dt
Area of circle
A = r?
difference w.r.to ¢,
dA dr
- =21r.—
dt dt
=2 x 2—72- x10x 3
= 188.57 cm?/sec.

i/ NCERT QUESTIONS W/

Q. 1. Find the points on the curve»® +y*-2x-3=0
at which the tangent are || to x-axis. (CBSE, 2011)
Solution :
Z+y>-2-3=0

d
= 2x+2y3§—2=0




Applicarions o] verwatives ——

i LA ]
d 1-x . ] 1
= 23_' o Hence the point of contact is | 1, 2
x y . ‘ . » .
Tangent line is parallel to x-axis. Equation of tangent line at the point (1, 1/2) is
dy y-12 _ 0
1-x = y—-1/2 =0
= s 0=x=1 = [Equation of lineisy = 1/2.
iy A Q. 4. Find the equation of the tangent and normal
x=1,
2 ‘ % y2 .
1+y*-2-3=0 to the hyperbola, — - ol 1 at the point (x,, ,)-
y:i=4,y=22 N

Hence the points are (1, + 2).

Q. 2. Sand pouring from a pipe at the rate of
12 em®/sec. The falling sand form a cone on the
ground in such a way that the height of the cone is
always one-sixth of the radius of base. How fast is
the height of the sand cone increasing when the
height is 4 cm ? (CBSE, 2011)

Solution :
L 12 cm?/ (1)
o B cm®/sec
1
and h= s r=r=06h
L
Now v = 3 nreh
1 2
= v = gn(36h Yh
v = 12nh8
dv o, dh
= - 36mh”. 7
dh
= 12 = 367 x (4)? x =
dh 12
= dr = 36x16n
i 1
= E cm/sec,
Q. 3. Find the eqn. of all lines having slope 0
1
which are tangent to the curvey= —————.
x°=-2x+3
Solution :
__ 1
Y= 42 _2x4+8
dy _ (Zx — 2)
dx = (2 -2x+3)7°
-+ Slope of line is 0.
dy
= i 0
= (2x-2)=0
= x=1
1 1
s L Y=1_2+3 2

Solution :

2 2
x
;2‘—%— =1 (D)
L 2 20dy _
o a2 b dx
dy b«
i dx _ a’y

G
dx (xg, y0) B a2y0

; . T b2y,
Equation of tangent line is Y=o _ g0
X—Xy @Y
= alyy,— a’yf = bPax,— b’x}
= bzxxo —azyyo ] bzxg —_ azyg
L o o _® %
2y
From the equation of curve, —- — —b% =1
a
“Xxo Yo
- o _ Yo _ 4
a2 b2

Equation of normal at (x, y,) is

1
y_yo = = [bTxoj (x_xO)

a.2y0
2
a Yo
= y—y0=—m(x—xo)
Y—Yo X — X9
=1

2 + 12 = 0.
, a Yo b*xg
Q. 5. Of all the closed cylindrical cones of given
volume of 100 cm®, Find dimensions of cone if surface
area is minimum.
Solution :
According to question,

nr2h = 100 (D
S = 2nrh + 2nr
= S = 2nr (—1—02) + 2nr?
r
200

= S="— +2m?
r




